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A novel Coulomb gas (CG) description of low energy QCD4, based on the dual transformation of
the QCD effective chiral Lagrangian, is constructed. By considering a large gauge transformation,
the charges of this statistical system are identified with magnetic monopoles which carry fractional
charges of strength 1/Nc. Furthermore, the creation operator which inserts the magnetic charge in
the CG picture is explicitly constructed and demonstrated to have a non-zero vacuum expectation
value, indicating that confinement does occur. The Wilson loop operator as well as the creation
operator for the domain wall in the CG representation is also constructed. Finally, further support
for the D-brane picture suggested by Witten is found.
1. Color connement, spontaneous breaking of chiral
symmetry, the U(1) problem,  dependence, and classi-
cation of vacuum states are some of the most interesting
questions in QCD. Unfortunately, the progress in our
understanding of them is extremely slow. At the end of
the 1970s A. M. Polyakov [1] demonstrated color con-
nement in QED3; this was the rst example in which
nontrivial dynamics was a key ingredient in the solution.
Soon after, ’t Hooft and Mandelstam [2] suggested a qual-
itative picture of how connement could occur in QCD4.
The key point, the ’t Hooft - Mandelstam approach,
is the assumption that dynamical monopoles exist and
Bose condense. Many papers have been written on this
subject since the original formulation [2]; however, the
main questions, such as, \What are these monopoles?";
\How do they appear in the gauge theories without Higgs
elds?"; \How do they interact?", were still not under-
stood. Almost 20 years passed before the next important
piece of the puzzle was solved [3]. Seiberg and Witten
demonstrated that connement occurs in SUSY QCD4
due to the condensation of monopoles much along the
lines suggested many years ago by ’t Hooft and Man-
delstam (for a recent review see [4]). Furthermore, con-
densation of dyons together with oblique connement for
nonzero vacuum angle, , was also discovered in SUSY
models (a phenomenon which was also argued to take
place in ordinary QCD; see [4]). In addition to forming
concrete realizations of earlier ideas, the recent progress
in SUSY models has introduced many new phenomena,
such as the existence of domain walls [5] which connect
two distinct vacua with the same . New insights into
connement was also recently given by Witten [6], in
which he argued that domain walls connecting two vacua
labeled by k and k + 1 behave similarly to D-branes on
which the SQCD strings can end. It is tantalizing to
suggest that such phenomenon also take place in QCD;
indeed, in this letter it is argued that this in fact does
occur.
The missing elements mentioned above will be pro-
vided in this letter. The dual representation of the
low-energy eective chiral Lagrangian will be explicitly
shown to correspond to a statistical system of interact-
ing monopoles with fractional 1=Nc magnetic charges.
Through a rewriting of the low energy eective QCD4
action [7], in terms of a dual Coulomb gas (CG) picture,
the operator which creates monopoles (magnetization)
will be demonstrated to have a non-zero vacuum expec-
tation value (vev). Many additional interesting features
will arise in the dual CG picture:
i) there are several species of charges which interact in
a manner reminiscent of the t’ Hoft \determinant" inter-
action;
ii) a direct connection between the charge species
conjugate to the flavor singlet component of the chi-
ral condensate will be shown to correspond to magnetic
monopoles;
iii) the operator which creates the magnetic charges in
the dual CG picture will be constructed in terms of the
phases of chiral condensate;
iv) the existence of almost degenerate vacua lead to
non-trivial classical (unstable) solutions; and the interac-
tions between the charges in the dual picture with these
\domain walls" are identied. Within this context a con-
nection with Witten’s [6] interpretation of these \walls"
as D-branes, on which the QCD string can end, will be
made;
v) the Wilson loop operator insertion in the dual CG
picture will also be constructed.
Our analysis begins with the eective low energy QCD
action derived in [7], which allows the -dependence
of the ground state to be analyzed and is crucial to
the identication of monopole charge. Within this ap-
proach, the Goldstone elds are described by the uni-
tary matrix Uij , which correspond to the γ5 phases of













; UU+ = 1; where a
are the Gell-Mann matrices of SU(Nf ), a is the pseu-
doscalar octet, and fpi = 133 MeV . In terms of U , the
low-energy eective potential is given by [7]:



























where V is the volume of the system. All dimensional pa-
rameters in this potential are expressed in terms of the
QCD vacuum condensates, and are well known numeri-
cally: m = diag(miqjhΨ
i
Ψiij); and the constant E is re-
lated to the QCD gluon condensate E = hbs=(32)G2i.
The only unknown parameters in this construction are
the integers p; q, which play the same role as the discrete
integer numbers classifying the vacuum states in SUSY
theories. The only constraint on them is that in large Nc
limit, q=p  1=Nc such that the U(1) problem is resolved.
To convince the reader that (1) does indeed represent
the anomalous eective Lagrangian, three of its most
salient features are listed below (for details see [7]):
i) Eq. (1) correctly reproduces the VVW eective chi-
ral Lagrangian [8] in the large Nc limit;
ii) it reproduces the anomalous conformal and chiral
Ward identities of QCD;
iii) it reproduces the known dependence in  for small
angles [8]; however, it may lead to dierent behavior for
large values  > =q if q 6= 1. Accordingly, it leads to the
correct 2 periodicity of observables.
From this point onwards, U = diag(1; : : : ; Nf ), and
 = Tr U represents the singlet eld. The eective po-
tential then takes on a specic Sine-Gordon (SG) form.
Such a structure is quite natural for terms proportional
to mi and is associated with the Goldstone origin of the
i elds. A similar Sine-Gordon structure for the sin-
glet combination is less trivial and corresponds to the
following behavior of the (2k)th derivative of the vacuum








dxihQ(x1):::Q(x2k)i  ( i
Nc
)2k;
where Q  GµνG˜µν . This property was seen as a conse-
quence of the solution of the U(1) problem [9].
2. Although there are several interacting elds in the
eective QCD action (1) many of the special properties of
the SG theory apply to this model, and the admittance
of a CG representation [1] for the partition function is
no dierent. The existence of many elds and cosine
terms only serve to make the formulae more bulky while
the basic strategy remains the same. Using the eective




















where the coupling constant g / f2pi . Performing a series
expansion in E and ma, and introducing the ZZ2 valued
elds, Q(a) for a = 0; : : : ; Nf , to represent the cosine
interactions, makes it possible to rewrite the partition
function in a form in which the dynamical scalar elds
can be integrated out exactly. Carrying out the integra-











































b − x(a)c ) Q(a)c
}
: (3)
The charge species Q(0)i are dual to the singlet eld (x),
while the species Q(a6=0) are dual to the phases, a(x), of





is the total Q(0) charge for that conguration and G(x−
y) denotes the relevant Greens function of the Laplace
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Notice that the fugacities of the charge species Q(a6=0) are
given by the masses of the ath quark, while the fugacity
of the charge species Q(0) is proportional to the gluon
condensate E. An important point is that the fugac-
ity of charge species Q(a6=0) vanishes in the chiral limit,
while that of the Q(0) charges remains non-zero. A sec-
ond point is that, in the chiral limit, this representation
does not obviously have invariance in , while in QCD
the -angle appears with quark masses and hence disap-
pears in this limit. It is possible to demonstrate that
the partition function has this property, see an extended
version of this letter [10].
There are several important features of the action (3)
which should be noted. Firstly, the summation over n
forces the total Q(0) charge, Q(0)T , to be an integer. Such
a constraint is the analog of the quantization of the topo-
logical charge and is to be expected. Additionally, since
this species has charges  qp  1=Nc, this constraint en-
forces a fractional quantization on the total charges: the
dierence in the number of positive and negative charges
of species Q(0) must be an integer multiple of p. Sec-
ondly, the -angle only interacts with the Q(0) species.
This directly results from the Q(0) species being dual to
the singlet eld , which is the only eld directly inter-
acting with the -angle. Finally, the -dependence acts
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only to supply an overall phase factor for each cong-
uration and leads to the very natural interpretation of
non-trivial -angles as introducing an overall background
charge. Turning attention to the interactions amongst
the charges, the species Q(0) is seen to interact with all
species Q(a) (a = 0; : : : ; Nf); however, the other species,
Q(a6=0), only interact with their own species and species
Q(0). This peculiar behave is, once again, due to species
Q(0)’s association with the singlet while the other charge
species are associated with particular components of the
chiral condensate. It is interesting that the structure of
interactions between the charges resembles the ’t Hooft
\determinant" interaction, in which all Nf fermions form
a vortex with Nf legs, while dierent species do not no-
tice one another. To conclude: the interactions occurring
in (3) are quite similar to other known statistical sys-
tems, yet they do not literally correspond to interactions
appearing in any previously discussed model.
3. Expression (3) clearly shows that the statistical en-
semble of particles interact according to the Coulomb law
 jx− yj−1 in static (time-independent) congurations (
 jx− yj−2 for time varying ones). An immediate suspi-
cion following from this observation is that these particles
carry a magnetic and/or electric charge, since charges of
that type interact precisely in the above manner. The ZZ2
valued elds appearing in (3) will now be demonstrated
to carry such charges.
Consider the SU(2) Georgi-Glashow model in the weak
coupling regime, with a -term, and let the scalar a have
a large vev. The monopole solution can be constructed
explicitly and the so-called Witten eect [11], in which
the monopole acquires an electrical charge, takes place.
Let N denote the generator of large gauge transforma-
tions corresponding to rotations in the U(1) subgroup
of SU(2) picked out by the gauge eld, i.e. rotations
in SU(2) about the axis na = Φ
a
jΦaj . Rotations by an
angle of 2 about this axis must yield the identity for ar-
bitrary congurations, which implies [11] that the mag-
netic monopoles carry an electric charge proportional to
. Indeed,
1 = ei2piN = ei2pi
Q
e −iθ eM4pi ; (5)
where, M = 1v
∫





are the magnetic and electric charge operators respec-
tively, expressed in terms of the original elds, and v is
the vev of a at innity. The combination eM4pi = nm in
eq. (5) is an integer and determines the magnetic charge
of the conguration. As usual, it is assumed that (5)
remains correct in the strong coupling regime when v is
not large and/or in the more radical case when a is not
present in the original formulation. Indeed, as explained
in [4] the existence of a is not essential and some eec-
tive elds may play its role. One nds that monopoles
do exist and the Witten eect expressed by formula (5)
remains unaltered even when monopoles appear as sin-
gularities in the course of the gauge xing procedure as
described in [4].
Restricting attention to terms which are proportional
to the -parameter, a comparison between the CG rep-
resentation, eq.(3), and eq.(5) will now be carried out.
From the CG the relevant term is total charge, Q(0)T , of
the conguration, while in eq.(5) the relevant factor is the





= nm 2 ZZ: (6)
A non-trivial check on this identication can be made
by noticing that the Q(0) species are fractionally charged
Q(0)  1=Nc, while the total charge Q(0)T is forced to be
integer, which is precisely how the total magnetic charge
behaves. From these simple observations one can imme-
diately deduce that our fractional magnetic charges Q(0)
cannot be related to any semi-classical solutions, which
can carry only integer charges; rather, our congurations
with fractional magnetic charges should have pure quan-
tum origin.
Of course, this is a simplied explanation of the identi-
cation between the charges Q(0) from (3) and the physi-
cal magnetic charges. To make this correspondence more
precise, a large gauge transformation must be performed
and the transformation properties of each relevant degree
of freedom computed. In lieu of carrying out the techni-
cal details (which will be published in [10]), it is hoped
that the qualitative arguments given above are sucient
to convince the reader of the correspondence (6). It is
interesting to note that a similar phenomenon in the 2d
O(3) -model (more generally, in CPN models) has been
known for a long time [12]. Namely, an exact accounting
and resummation of the n-instanton solutions maps the
original problem to a 2d-CG with fractional charges (the
so-called instanton-quarks); however, the total topologi-
cal charge of each conguration is always integer. Let us
notice that if q = 1; p = Nc (as arguments based on SUSY
suggest [5]), then the number of integrations over d4x(0)i
in eq.(4) exactly equals 4Nck, where k is integer. This
is a consequence of the fact that the number of species
Q(0) must be an integer multiple of Nc, see discussion
after eq.(4). This number 4Nck exactly corresponds to
a number of zero modes in the k-instanton background,
and we make a conjecture that at large distances our par-
ticles Q(0) with fractional magnetic charges are nothing
but instanton quarks suspected long ago [13].
4. In order to understand the long-distance features
of the theory, the manner in which the various types of
charges behave must be investigated. In particular, if
the magnetic charges Bose-condense, this indicates the
onset of quark connement. To investigate the possibil-
ity for such a condensation, an expression for the mag-
netic charge creation operator, M, must be found and
its vev (magnetization) calculated. Indeed, it can be
demonstrated [10] that the operator which inserts a sin-
gle charge, qa, of species Q(a) in the bulk of the gas can







q k) ; a = 0
eiqaφa(X) ; a 6= 0 (7)
As is clear from the above, the manner in which the sin-
glet eld, , appears in (7) allows the further identica-
tion of  as the magnetic scalar potential.
Attention is now drawn to the computation of the mag-
netization in the semi-classical limit. With equal, small,
quark masses, m ! 0, the vev’s are hai  θNf for small
 [7]. The fact that all elds, a, pick up non-trivial
dependence on  is an indication of their magnetic ori-
gin; unfortunately, for a 6= 0, it is dicult to extract
any further information about their magnetic properties.
Nevertheless, in this regime, hMi 6= 0 and monopoles
condense implying the theory is conning. Of course,
this is not a proof of connement in QCD because the
eective action was constructed under the assumption
that the system is in the conning phase, i.e. (1) con-
tains only colorless degrees of freedom. In spite of this,
the result is quite nontrivial and can be considered as a
self-consistency check of our identications. In addition,
it gives a very nice intuitive picture of the origin of the
connement in QCD.
Due to the existence of non-trivial solutions to the clas-
sical equations of motion of the eective action [14], an
operator in the CG representation which induces a source
for those solutions should exist. Indeed, it is not dicult























In the above,   1 + : : : + Nf . This operator inserts
sources term,
∫
d4xa2a, into the eective action (2).
Consequently, fluctuations about a classical eld cong-
uration can be taken into account in the CG picture by
introducing a phase factor which gives rise to a source
term for that background - all interactions among the
charges remain unaltered. An interesting source is given
by (x) = 2pi
q sgn(x0) which, in the SG representation,
gives rise to the domain wall solutions which interpolate
between vacuum states labeled by k and k +1 [14]. Such
a source term in the CG clearly interacts non-trivially
with all charges. Similar domain walls are known to ex-
ist in supersymmetric models (see [5] for a review). Wit-
ten recently conjectured [6] that in the large Nc limit the
domain walls connecting vacua labeled by k and k+1 ap-
pear to be objects which are not solitons from the string
viewpoint; rather, they appear to be D-branes on which
the string can end. Our CG picture suggests that such
phenomenon could take place in QCD. Indeed, a distin-
guishable property of D-branes, in the large Nc limit, is
that the tension behaves like  Nc. The domain walls de-
scribed in [14] have precisely this property. Moreover, the
magnetic monopoles, which condense, have been demon-





, chromo-electric flux carried by an open
string of the corresponding (non-critical) string theory
can end on the QCD D-brane.
As a nal important identication, consider an inser-
tion of the source (x) = 2sgn(x3)sgn(x0)S(x1; x2)
where S(x1; x2) is unity within a surface S and zero
outside. In the CG, charges which are positioned at pos-
itive (negative) x3; x0 obtain an extra phase factor of
e2piiQ. This factor is unity for the charge species Q(a6=0)
since their charges are 1, however, it has non-trivial af-
fects on the species Q(0) since its charges are  1Nc . The
insertion of a Wilson loop operator in the (x1; x2)-plane
should behave in precisely this manner. In fact, it should
couple to the magnetic charges. This implies, along with
the identication of the eld, , conjugate to Q(0) as the
magnetic scalar potential (see discussions after eq.(7)),
that the insertion of such a source is the insertion of a
Wilson loop operator. In SG picture (2) the Wilson loop
insertion corresponds to the shift  ! + in the flavor-
singlet potential term  E cos( q
p (+−+2n)+2k)).
To conclude: the existence of the free parameter 
plays the role of a messenger between colorless and col-
orful degrees of freedom. The identication (6) followed
from a knowledge of the -dependence in the eective
Lagrangian approach. This information proves to be es-
sential in the understanding of properties of magnetic
monopoles and color connement as the consequence of
their condensation, hMi 6= 0.
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